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Effect of Surface Deformation on Thermocapillary
Bubble Migration

J. C. Chen* arid Y. T. Leet
National Central University, Chung-Li, Taiwan 32054, Republic of China

Under microgravity environments, the thermocapillary migration of a deformable gas bubble placed in a
liquid with a constant temperature gradient is investigated numerically. A finite difference method with bound-
ary-fitted coordinates is employed to solve the axisymmetric governing equations. An iterative procedure is
introduced for the computation of the deformable shape and the thermal velocity of the gas bubble. The influence
of the Marangoni and capillary numbers is considered. Results of the computations show that the terminal
velocity of the gas bubble is reduced significantly by the effect of surface deformation.

Nomenclature
A = temperature gradient far from the gas bubble
Ca = capillary number
Ma = Marangoni number
Pr = Prandtl number
p = dimensionless pressure
p' = dimensional pressure
R = dimensionless shape function of the bubble surface
R' = shape function of the bubble surface
Re — Reynolds number
r — dimensionless radial coordinate
rb = radius of undeformed gas bubble
r' = dimensional radial coordinate
T = dimensionless transformed temperature
T0 = reference temperature
T = dimensional temperature
r = dimensional transformed temperature
t = time
w, u' = dimensionless and dimensional radial velocity,

respectively
v, v' = dimensionless and dimensional azimuthal velocity,

respectively
a. = thermal diffusivity
y = surface-tension temperature coefficient
0 = azimuthal coordinate
JJL = dynamic viscosity
v — kinematic viscosity
p = density
<TO = mean value of surface tension
(/> = angular coordinate
if/ = stream function
a) = vorticity

Subscripts
r, 9 = derivatives with respect to r, 6
o° = value far from the gas bubble

Introduction

A GAS bubble placed in a fluid which exhibits a temper-
ature gradient will move toward the hotter portion of

the fluid field due to the thermocapillary force. Usually, this
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effect is overshadowed by the buoyancy force exerted on the
gas bubble due to the presence of gravity. Under microgravity
environments, however, the thermocapillary migration be-
comes significant. Recently, the thermocapillary migration of
a gas bubble in a surrounding fluid medium has drawn sig-
nificant attention because this effect can be used to control
the location of bubbles during the processing of materials in
microgravity environments.

The problem of thermocapillary migration of a gas bubble
was first investigated, both theoretically and experimentally,
by Young et al.1 They demonstrated experimentally that the
bubble can be driven by means of a thermocapillary force. In
the theoretical work, they determined the thermal velocity of
a gas bubble by solving the momentum and energy equations
without the consideration of the effects of convective trans-
port and inertia. Bratukhin2 used a perturbation expansion
to obtain a terminal velocity valid for small Reynolds number.
Subramanian3 employed a matched asymptotic expansion
procedure with the Marangoni number as a parameter. His
results show that the terminal velocity is reduced by the pres-
ence of the convective transport of energy. Shankar and
Subramanian4 calculated the terminal velocity numerically for
small Reynolds number and Marangoni numbers up to 2 x
102. Computations performed by Balasubramaniam and Lavery5

had been carried out for Reynolds numbers from 10~7 to
2 x 103 and Marangoni numbers from 10 ~7 to 103. In all of
the previous theoretical work, the bubble boundary is as-
sumed spherical. Balasubramaniam and Chai6 determined the
shape of the bubble for a small Marangoni number and an
arbitrary Reynolds number when the deformations from the
spherical shape are small. But they did not consider the effect
of deformation of the bubble surface on the terminal velocity.

Because of the nonuniform distribution of surface tension
along the bubble surface, the bubble will be deformed from
the spherical shape no matter how small the temperature
gradient of the fluid is. The effect of deformation of the bubble
surface on the terminal velocity has not been explored yet.
The existing literature on numerical simulation of deformable
bubble problems is quite limited. This is because of the for-
midable difficulties that arise when solving the governing
equations with deformable free surface. Ryskin and Leal7

developed a numerical technique based on a finite difference
approximation of the equations of motion on an orthogonal
curvilinear coordinate system to solve the problem of a de-
formable gas bubble that undergoes a buoyancy-driven mo-
tion through a quiescent fluid. This problem is also studied
by Christov and Volkov8 using a finite difference method with
a coordinate transformation. In their approach, the bubble
motion induced by buoyancy is replaced by a given rising
velocity. An infinite liquid moves with a uniform velocity
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toward the stationary bubble. Therefore, the thermal field
does not need to be considered in their studies.

In the present study, the influence of surface deformation
on the terminal velocity of thermocapillary bubble migration
in an infinite medium with a linear temperature distribution
is investigated by a series of numerical computations. The
numerical scheme for integrating the nonlinear governing
equations with boundary conditions is a modified version of
that used by Chen et al.9-10 and Lee and Chen.11 In contrast
to previous studies,1'6 both the terminal velocity and the shape
of the gas bubble are determined as parts of the solution.

Mathematical Formulation
Consider a gas bubble present in an infinite liquid region

that exhibits a linear temperature variation of slope A along
the z axis. Because of thermocapillary effects, the bubble will
move toward regions of higher liquid temperature with a con-
stant terminal velocity Vx. In the present study, the influence
of gravity is neglected and the flow is assumed to be incom-
pressible and Newtonian with constant physical properties,
except that the surface tension is a monotonically decreasing
function of temperature. The viscosity and the thermal con-
ductivity of the gas are assumed to be small compared to
those of the liquid.

Here we use spherical coordinates (r', 0, </>) with the origin
at the center of mass of the bubble (see Fig. 1). Far away
from the bubble, the fluid approaches it at the constant ve-
locity Vx, and the temperature field is unsteady as viewed
from an observer located at the origin. For convenience, the
new steady temperature field T is defined by

Az

T = T - VxAt - T0 (1)

The problem is assumed to be symmetric in the $ direction,
and the gas-liquid interface is described as r' — R'(0).

We introduce the following nondimensipnal variables:

r = r'/.rb, u = u'/u*, v = v'/u*, vx = VJu*

T = T/(Arb), R = R'/rb, p = p'l(yA)

where u* — yArb/fji is the characteristic velocity. Eliminating
the pressure, the dimensionless equations governing the steady,
axisymmetric motion of liquid can be expressed in the fol-
lowing form:

Re {—— il/ea)r + - \firo}e + — cofa - - ifsrco cote

)r sin0 + ra)rr sin0 —r rr

- a)e cps0 + - a)ee sin0

rsin0

(2a)

Ma[vx - r2 sm0

= Tr + Trr + Tee + Te cote

rw sin0 = $rr + — (i//M - tye cot0)

Here, the stream function i// is defined as

1 . -1
r2 sin0 r sm0

d/r

(2b)

(2c)

(3)

Fig. 1 Schematic diagram of the physical system.

and the vorticity is given by

a) = - v + vr - - ue (4)

The parameters appearing in Eqs. (2) are
Reynolds number:

Re = u*rb/v — yAr^l(fjiv)

Marangoni number:

Ma = PrRe = yArl/(jia)

where the Prandtl number is given by Pr = via.
The boundary conditions at r —> <*> are

<A = -v3Cr2sin02/2, & = 0

T = r cose (0 < 0 < TT) (5a)

The velocity and temperature fields and bubble shape are
symmetric at 6 = 0 and IT.

= 0, a) = 0, Te = 0 (5b)

Because a gas bubble would have a very low heat transfer
coefficient, the adiabatic condition at the bubble surface is
assumed. The jump in the normal stress across the interface
is balanced by the surface tension times the mean curvature,
whereas the jump in the shear stress equals the surface-tension
gradient along the deformable bubble surface. The boundary
conditions for the gas-liquid interface [r = R(e)] are

= 0 (5c)

rr R6

~ RRe ^sin0|1
+ R2)l/2\

x (1 - CaT) (5d)
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= IV

[ V - R2)(R2

C0t0

R2 sin0 ' sin0;sin0

where the capillary number Ca is given by

(5e)

(5f)

Equation (5c) is the kinematic boundary condition at the de-
formable bubble surface, and Eqs. (5d) and (5e) represent
shear and normal-stress balances. The volume of the bubble
is assumed to remain constant,

3 sind d9 = V (6)

where V is the dimensionless volume of the gas bubble.
Because the center of mass of the bubble is fixed at the

origin of the coordinate system, the shape of bubble R(6)
must satisfy a requirement of the following form:

| R4(6) si
JO

sin0 cos0 d0 = 0 (7)

Since the shape of the bubble is symmetric along 0 = 0
and TT,

Re(G) = Re(TT) = 0 (8)

Solution Procedure
Both the interface shape and terminal velocity of the bubble

are unknown a priori and must be determined as part of the
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Fig. 2 Surface deflection of the gas bubble vs 6 for Re = 50, Ma =
50, and Ca = 0.5 (the broken curve represents the results of the
asymptotic method5 and the solid curve represents the present results).
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Fig. 3 Surface deflection of the gas bubble vs 0 for Re = 10, Ma =
10, and Ca = 0.01, 0.05, and 0.1.

overall solution procedure. By assigning a specific bubble
shape and terminal velocity and temporarily discarding the
normal-stress condition [Eq. (5d)], a complete solution of the
velocity and temperature field can be determined from Eqs.
(2) and boundary conditions (5). A new bubble shape is com-
puted to satisfy the normal-stress boundary condition. When
the prescribed terminal velocity is not correct, the center of
the bubble drifts away from the origin of the coordinates,
rendering the transformed temperature field unsteady. To
ensure the steady character of the transformed temperature
field, the terminal velocity is adjusted iteratively to satisfy the
condition that the center of mass coincides with the origin.

The numerical technique, which is an extended version of
that used previously by Lee and Chen11 to investigate ther-
mocapillary convection around a deformable bubble, has been
used to solve system (2) with conditions (5-8). In the code,
the irregular physical domain is transformed to a rectangular
computational domain by using a boundary-fitted method de-
veloped by Thompson et al.,12 and grid-stretching transfor-
mations are used to provide good resolution near the de-
formed bubble surface. Central-difference formulas with
second-order accuracy are used for all spatial derivatives.

When a given estimated shape R(0) for the bubble interface
is incorrect, the normal stress on the interface is unable to
balance the thermocapillary force. The imbalance e(x) can be
written in the form

e(0) =p-2

+ IP *" ~ ~&~
R2 + 2RI - RRaa

R2 sinO

Ca-1
(R2 + RIY'2

\Re cosO - R sin0|
R sinO(R2 + R2)1 (1 - CaT) (9)

The pressure term in Eq. (9) is obtained by integrating the
tangential component of the momentum equation along the
bubble surface. The imbalance e(0) may be unequal to zero
due to an incorrect interface shape. By forcing s(0) to be
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equal to zero, we get a new bubble shape R*(6), which must
satisfy the following equation:

["-»»+ *fo

~2[ ——— R
Re cot0

/?*2 + 2R*e
2 - R*Re

(R*

The new bubble shape R*(0) obtained from Eq. (10) must
satisfy the constraint of volume conservation:

fv
Jo R sin0 d0 = V (11)

The integral constant included in the pressure and R*(6) can
be obtained by Eqs. (10) and (11) using the bisection method.

The requirement that the center of mass of the bubble
remain at the origin provides a condition to check whether
the guessed terminal velocity is correct. We define

M = (12)

Integrations are carried out starting from a guess terminal
velocity until M approaches zero.

A brief summary of our computational procedure is as
follows.

1) Guess an initial migration velocity. Usually we take the
solution for an ideal spherical bubble as the initial migrational
velocity.

2) An initial spherical shape of the bubble interface is
chosen.

3) The boundary-fitted curvilinear coordinate system that
has coordinate lines coincident with the current boundaries
is generated numerically.

4) Initial values for i/r, co, and T over the entire domain are
selected.
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Fig. 4 Terminal-migration velocity vx vs Ca for Re = 10 and
Ma = 10.

5) The vorticity equation is solved using initial guesses to
form the nonlinear terms in Eq. (2a) and boundary conditions
(5a), (5b), and (5e).

6) The stream function and temperature equations are solved
iteratively using the successive-line-over-relaxation (SLOR)
method. The iteration process is considered converged when
the relative error of two successive iterations at a given point
is with some specified tolerance, generally taken as 10~4.

7) The new solutions of stream function and temperature
are then used to correct the initial guesses of ^ and T.

8) Repeat steps 5-7 iteratively until the relative error of
two successive iterations are within a specified value, gen-
erally taken as 10 ~4.
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Fig. 5 Temperature distribution on the bubble surface for Re
and Ma = 10 with different Ca.
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Fig. 6 Tangential velocity distribution on the bubble surface for Re =
10 and Ma = 10 with different Ca.
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Fig. 7 Surface deformation of the gas bubble for Pr = 1 and Ca
0.5 with Ma = 1 and 102.

9) The new shape of the bubble interface is determined
from Eqs. (10) and (11).

10) Return to step 3 and repeat iteratively until s(6) <
5 x 10-3.

11) Calculate the value M from Eq. (12). If M < Mc (gen-
erally taken as Mc = 10 ~6), stop. Otherwise, return to step
1 and repeat until M < Mc.

Results and Discussion
The numerical computations described in the preceding sec-

tion were performed in double-precision arithmetic on the
National Central University VAX 8650 computer. The com-
putational domain must be chosen to be large enough to ap-
proximate the theoretical assumption of an infinite domain.
For computations performed here, the computation domain
was selected as 1 ̂  r < 5 and 0 < 6 < TT. The justification
for this selection was demonstrated by Balasubramaniam and
La very.5 The problem for a spherical bubble shape (Ca = 0)
has been studied numerically in Refs. 4 and 5. To check our
results, the calculations have been repeated with the same
condition chosen by Ref. 5. The present results show good
agreement with those of Ref. 5. The number of grid points
used in the computational domain influences the accuracy of
the results. To determine the proper number of grid points,
calculations were performed using different grids. For Re =
1, Ma = 0.1, and Ca = 0.01, the terminal velocities of a
bubble for grids of 31 K 31, 41 x 41, and 51 x 51 points
are 0.1395, 0.1924,''an'd'dl 1919, respectively. For Re =' 102,
Ma = 102, and Ca = 0.1, the terminal velocities for 41 x 41
and 51 x 51 grid points are 0.1320 and 0.1360, respectively.
For Ma = 102, the difference in the terminal velocities cal-
culated using grids of 41 x 41 and 51 x 51 is <3%. For the
results that will be discussed later, the grid was selected as
41 x 41 to save CPU time.

Recently, Balasubramaniam and Chai6 used an asymptotic
method to calculate the bubble shape. From their results, the
deviation 17 of a bubble from a spherical shape can be ex-
pressed in following form:

77(0) = R(B) - I = - (3/32)viReCa(3 cos20 - 1) (13)

This solution is valid when the surface deformation is small
(17 « 1). On the contrary, the present method does not have
this restriction. In Fig. 2, the surface deflections determined
by the present computation and Eq. (13) are compared as a
function of 0. Both results show that the shape of the gas
bubble deforms to be an oblate ellipsoid with an elongation
in the direction perpendicular to the freestream. They are in

good agreement for 0.75 < 6 < 2.4. Below 6 = 0.75 or above
6 = 2.4, they begin to diverge with the numerical results
predicting lower deformations. The solution of Eq. (13) yields
a bubble shape that is symmetric fore and aft, i.e., about 0 =
7T/2. Because of the inertia effect associated with the ther-
mocapillary migration, the numerical results show a bubble
that tilts away from the oncoming flow with the deflection at
the front (0 = 0) being smaller than that at the rear (0 = TT).
From Fig. 2, it appears that the surface deflection computed
by the present method is more physically realistic. The cap-
illary number, which represents the ratio of maximum dif-
ferences in surface tension on the gas-liquid interface to mean
surface tension <70, governs the degree of surface deformation
of the bubble. Figure 3 shows the computed deflections of
the bubble surface with different Ca for Re = Ma = 10. As
expected, the results show that the surface deflection is more
significant for higher Ca. At the high Ca, the bubble becomes
more oblate and oblique.

Of interest is the variation of the terminal-migration ve-
locity of the bubble with Ca. In Fig. 4, the magnitude of the
terminal-migration velocity is plotted as a function of Ca for
Re = Ma = 10. As Ca—> 0, the magnitude of terminal velocity
approaches that of an ideal spherical bubble (Vx = 0.376).
The terminal velocity decreases exponentially with increasing
Ca until Ca =, 10~3. The variation with Ca is not very sig-
nificant for Ca > 10-3.

Figure 5 displays the temperature distribution along the
bubble surface for Re = 10 and Ma = 10 with different Ca.
For the portion of bubble surface 2.5 < 0 < TT, the temperature
gradients for Ca > 0 are smaller than those for Ca = 0. The
reduction of temperature gradient results in a decrease of
shear stress at the interface/This is the major reason for the
reduction in terminal-migration velocity observed for bubbles
with deformed surfaces. Figure 6 shows the tangential velocity
distribution along the bubble surface for Re = 10 and Ma =
10 with different Ca. When Ca = 0, the tangential velocity
Vt is exactly the 0 component of velocity v. It is clear that the
tangential velocity along the bubble surface decreases with
increasing Ca as a result of the reduction in shear stress.

The influence of Ma on the surface deformation of the
bubble is shown in Fig. 7 for Pr = I and Ca = 0.5. The
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Fig. 8 Temperature distribution on the bubble surface for Ca = 0.5
and Pr = 1 with different Ma.
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Fig. 9 Terminal-migration velocity vx vs Ma for Pr = 1:O Ca =
0; A Ca = 0.01; + Ca = 0.5.

results show that with increasing Ma the gas bubble tends to
elongate in the cross-stream direction and deforms more ob-
lately. Figure 8 displays the temperature distribution along
the bubble surface for Ca = 0.1 and Pr = 1 with Ma = 1,
10, and 102. It is obvious that the temperature gradient along
the bubble surface is reduced by increasing the strength of
convective effects (larger Ma). The effect of Ma on the ter-
minal-migration velocity of the bubble for different Ca is shown
in Fig. 9. The present results of Ca > 0 are similar to those
of Ca = 0 in that the terminal velocity decreases with in-
creasing Ma. The terminal velocity for Ca > 0 is smaller than
that for Ca = 0, and it tends to an asymptotic value for large
Ma. The difference in terminal velocity between an ideal
spherical bubble and a deformable bubble becomes less sig-
nificant when Ma increases.

Conclusions
Numerical computations have been performed to study the

thermocapillary migration of a deformable gas bubble placed
in a liquid with a constant temperature gradient. The surface
deformation of the bubble is sensitive to the value of capillary
and Marangoni numbers. The shape of the bubble deforms
to an oblate ellipsoid with elongation in the direction normal
to the moving direction and tilting backward slightly. The
scaled terminal-migration velocity is reduced significantly when

the deformation effect of the bubble is taken into account,
so that the terminal-migration velocity will be overestimated
if the bubble shape is assumed to be spherical.
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